We study the use of the wavelet expansion in terms of Meyer's wavelet to the problem of mollification in the numerical calculation of fractional derivative. It is shown that, when the simplest of Meyer's wavelet is used, the expansion is equivalent to the transform by the de la Vallée Poussin kernel, that was proposed by Hào et al. It is expected that better results are attained by using the rapidly decaying harmonic wavelet, which is another of Meyer's wavelet. We examine this. It is also shown that there exists an estimation of the error of approximation in the mollification by using only simple inequalities, without sophisticated inequalities which are invoked in the paper by Hào et al. Examples of numerical calculation are given.
Introduction
Murio [9] proposed the method of mollification in the numerical solution of ill-posed problems. The typical problems that he takes up are the inverse solution of the heat conduction problem and the solution of the Abel-type integral equation. In an ill-posed problem, if we use a data involving error, the error is amplified in the solution and it is hard to see what is the real solution. In the method of mollification, the given data function f c 2011 Diogenes Co., Sofia pp. 284-300 , DOI: 10.2478/s13540-011-0017-5 involving error is mollified to M ν f = f * μ by a mollifier μ, with a scale ν. By using this as a data, we attain a result which approximates the true solution. Murio proposed to use the Gaussian probability density function as a mollifier.
In the present paper, we are concerned with the integral equation involving the Liouville fractional integral:
where λ ∈ R satisfying λ > 0. Here R is the set of all real numbers, φ(t) and f (t) multiplied by an exponential function e −κt for a positive κ ∈ R are assumed to be integrable in R, and f is a continuous function. Let n = λ , which is the least integer not less than λ. The solution of the equation (1.1) is then given by the fractional derivative of order λ, φ(x) = D λ f (x), that is defined by Hào et al [2] proposed a stable numerical fractional differentiation with the aid of mollification. In that paper, λ in (1.1) satisfies 0 < λ < 1, φ and f are assumed to belong to L p (R) for p ∈ R satisfying p ≥ 1, and M ν f is the transform by the de la Vallée Poussin kernel, of f .
Morita [5] discussed the wavelet expansion in terms of rapidly decaying (rd) harmonic wavelets, by rearranging the Fourier series expansion. Morita and Kaneko [6] discussed an analysis of human voice by using the rd harmonic wavelet expansion. The rd harmonic wavelet is considered as an example of Meyer's wavelet [1] [10, p.49], whose Fourier transform has a compact support.
In the present paper, we first show that the transform by the de la Vallée Poussin kernel can be regarded as the wavelet expansion in terms of the simplest of Meyer's wavelet. We then study the application of the rd harmonic wavelet in place of the simplest, to the problem of calculating the fractional derivative. We expect that better results are attained by using the rd harmonic wavelet in place of the simplest, since the the former wavelet decays more rapidly.
In Section 3 of the present paper, we study the case when the function f belongs to L 1 (R) as well as to L 2 (R). We denote the norms f in these spaces by ||f || 1 and ||f || as usual. The Fourier transform of f is denoted
by using (1.2). We assume that ||f − f || < for a small positive ∈ R, and that ||f || and ||D λ f || exist, and hence
In this place, we consider the Sobolev space H s (R) of order s for positive s ∈ R, in which the norm ||g|| H s for g ∈ H s (R) is defined by
Comparing (1.4) and (1.5), we see that the condition that ||f || and ||D λ f || exist, states that f belongs to the Sobolev space H λ (R), and the norm ||f || H λ exists. The space of functions g(t) which are infinitely differentiable and decay rapidly as t → ±∞, is denoted by S(R). We note that it is a subspace of H s (R) for all positive s ∈ R. In Section 3, we use the following property of the Sobolev space. Lemma 1. Let λ ∈ R and s ∈ R satisfy s > λ > 0. Let f belong to H λ (R), and ∈ R be a small positive number. Then there exists
This is a corollary of the following theorem [4, p.121] .
In a recent paper [8] , the present authors studied fractional differential equations in terms of distribution theory. In that paper, the fractional integral (1.1) and the fractional derivative (1.2) are defined for the regular right-sided distributions, which are locally integrable in R and have a support bounded on the left. They are locally integrable functions in the space
may not belong to L 1 (R) but f (x)e −κx always belongs to it for a positive κ ∈ R. In the Appendix, the case when the function f (x) multiplied by an exponential function e −κx for a positive κ ∈ R belongs to L 1 (R) as well as to L 2 (R), is studied.
In Section 2, we present the wavelet expansion in the scaling function for three types of Meyer's wavelet. The simplest one is shown to be equivalent to Hào et al's mollification [2] . In Section 3, we give estimations of approximation when we adopt the wavelet expansion given in Section 2. The estimations are based on simple inequalities, while Hào et al [2] invoked sophisticated inequalities. Examples of numerical calculation and concluding remarks are given in Section 4.
In the example shown in Figs 
Rd harmonic wavelet expansion
In the method of mollification due to Murio [9] , the data involving error is made mollified. Murio proposed to use the convolution with the Gaussian probability density function and Hào et al [2] used the transform by the de la Vallée Poussin kernel. Here we propose to use the expansion in the orthogonal set of the scaling functions of a Meyer's wavelet, which we call here the rd harmonic wavelet.
Let the scaling function of Meyer's wavelet be φ 1 (t). Then its Fourier transformφ 1 (w) satisfieŝ
In the range
We adopt three types of φ 1 , for whichφ 1 (w) in this range of w are given bŷ
respectively. The second one is given in the book [10, p.51] and used in [5] . The last one is given in the book [1, p.74] and used in [6] . We see that φ 1 (t) is a real-valued, even function of t ∈ R, and ||φ 1 || = 1. We know that {φ 1 (t − n)} n∈Z is an orthonormalized set of functions. Here Z denotes the set of all integers.
We consider a scale ν ∈ R satisfying ν > 0, and construct φ(t) so that its Fourier transform is given byφ(w) =φ 1 ( w ν ). Thenφ(w) = 1 for |w| < ν 1 := 2πν 3 , and
We confirm that, for arbitrary b ∈ R, {φ(t − b − n ν )} n∈Z is an orthogonal set of functions which are normalized as ||φ|| 2 = ν. The expansion of a function g(x) ∈ L 2 (R) in this set is now given by
where
Taking the average of the expression (2.4) with respect to b, we define
where 
is given by the first two of (2.2), the Fourier inversion of μ 1 (w) = |φ 1 (w)| 2 is easily performed. As the consequence, the corresponding expressions for μ 1 are given by
Remark 1. Hào et al [2] proposed to use the de la Vallée Poussin kernel in the mollification. Their mollifier corresponds to μ a (t) = ν 1 · μ 1,a (ν 1 t), where ν 1 = We note that μ 1,b (t) decays faster than μ 1,a (t) as t tends to ±∞. This is related to the fact that, the smootherμ 1 (w) is, the more rapidly μ 1 (t) decays, and hence, by considering thatμ 1 (w) =φ 1 (w) 2 andφ 1 (w) is given in (2.2), we see that μ 1,c (t) decays the most rapidly and μ 1,a (t) decays the least rapidly. The curves of μ 1, * (t) are shown for the three choices, in Fig. 1 . Approximate values of ||μ 1, * || 1 are 1.435, 1.497 and 1.641 for * = a, b and c, respectively. Figure 1 . The curves of μ 1,a (t), μ 1,b (t) and μ 1,c (t), which have the least, middle and greatest amplitude, respectively, around t = 2.
Estimation of approximation
We study the problem of calculating a function which approximates the fractional derivative of order λ of a function f , D λ f , when the given function f in place of f involves error. It is assumed that ||f − f || < for a small positive ∈ R.
In the method of mollification, we consider the mollification of f which is given by M ν f = μ * f and it is shown that
We now show this for the choices of μ presented in the preceding section.
In the present section, we prove the following two propositions.
and L 2 (R), and let ||f − f || < . Let μ 1 satisfyμ 1 (w) = 1 when |w| < 
Lemma 2. Let μ be given byμ(w) =μ 1 (
w ν ). Then μ(t) is given by (2.7), and
In estimating the EA, we use the following lemma; see e.g. [4, p.125].
Lemma 3. ||μ * g|| ≤ ||μ|| 1 ||g||.
The scaling function of the Shannon wavelet, which we here denote by φ 1,Sh , is given by its Fourier transformφ 1,Sh (w) which is equal to 1 when |w| < π and to 0 when |w| > π [10, p.49 ]. This also is a special one of Meyer's wavelet defined in the preceding section. We now consider φ Sh whose Fourier transform is given byφ Sh (w) =φ 1,Sh ( πw ν 1 ), where ν 1 = 2πν 3 , and thenφ Sh (w) = 1 for |w| < ν 1 and we have the equality M ν φ Sh = φ Sh , sinceμ(w)φ Sh (w) =φ Sh (w).
The EA is estimated as follows: 5) by noting that 1 −φ Sh (w) = 0 when |w| < ν 1 and |w|
when |w| > ν 1 . By using (3.5) in (3.4), we obtain 
Then we obtain (3.1) with
(3.8) 2 P r o o f o f P r o p o s i t i o n 2. In the present condition, ||f − f 0 || H λ < , which implies
as confirmed by comparing (1.4) and (1.5). It follows that
In place of (3.6), the EA is now estimated by
In obtaining the second inequality, we use (3.6) with f replaced by f 0 . The righthand side is minimized when we use
Then we obtain (3.2) with
The values of ||μ 1 || 1 and ||D λ μ 1 || 1 for λ = 1/4, 1/2, 1, 3/2 and 2 are given in Table 1 , for μ 1,a , μ 1,b and μ 1,c , 
Numerical examples
We are interested in numerically calculating a function which approximates D λ f . The given data are the value of λ and a function involving error f , in place of f . We adopt
we have only to choose the mollifying function μ, which is determined by a function μ 1 and a value of the scale ν. The estimations in the preceding section guarantee that the error can be made small if the error ||f − f || is small and the norm ||f || H s for some s > λ exists for Proposition 1, and only for s = λ for Proposition 2. But without the knowledge of these quantities, we do not know the best value of ν given by (3.7) or (3.11). What we can practically do is to do the calculation for a number of values of ν, and to choose a reasonable one. We show some results of such an experiment.
As examples, we consider f 1 (t), f 2 (t) and f 3 (t) given by
As the data, we consider f k, (t) for k = 1 and 2. At t = t n = nτ for integers n, where τ = 1/320, they are equal to f k (t) added by 0.1 · r(t), where r(t) is a random number, in the range (−1, 1), chosen from the uniform random distribution.
In Figs. 2(a) and (b) , f 1, (t) and D 1/2 f 1, (t), respectively, are shown. In Figs. 3 and 4 , we show f 1 (t) and f 2 (t) = D 1/2 f 1 (t) by thin lines. In addition to these, M ν f 1 (t) and Fig. 3. Fig. 3(f ) and Fig. 4(f ) show that the Gibbs phenomena and the effect of random error are well balanced in the choice ν = 4. A larger value of ν may be the best choice. In Figs. 5, 6 and 7, we show the graphs which we obtain by using f 2 and f 2, in place of f 1 and f 1, in Figs. 2, 3 and 4 . The Gibbs phenomena is observed in Fig. 6. Fig. 6(h) and Fig. 7(h) show that the Gibbs phenomena is too much pronounced when ν = 4. A value between ν = 4 and 8 may be the best choice.
It is noted that the difference in the curves due to the values of ν is clearly seen in the present analysis based on the harmonic wavelets.
In drawing the graphs in Figs. 2∼7, μ 1,b is used in the mollification. We do not observe much differences in the results by the choice of μ 1,a , μ 1,b and μ 1,c . Considering that the analytic form is known for μ 1,a and μ 1,b , and the latter decays more rapidly as |t| → ∞, we conclude that the use of μ 1,b is most recommended.
Before concluding this paper, we mention a paper by Hào and Thu [3] , where the solution of an equation involving multiple Liouville fractional integrals is discussed by the mollification by using the de la Vallée Poussin 
The thinner ones show f 2 (t) given by (4.2).
kernel. The discussion is based on the fact that the kernel μ a (t) given in Remark 1 is an entire function of exponential type when it is regarded as a function of complex variable t. We note here that μ(t) has this property even when we adopt μ 1,b (t) or μ 1,b (t) in place of μ 1,a (t), because their Fourier transform have a compact support. As a consequence, we conclude that the results obtained in [3] should be valid even when we adopt 
Appendix: Functions which may increase exponentially
In this Appendix, we consider those functions g (t) , that g(t)e −κt belongs to L 1 (R) as well as L 2 (R), for a positive κ ∈ R. We use notation F [g](ζ) = g(ζ) for ζ = w − iκ to represent the Fourier-Laplace transform given by 
